The semi-analytical expression for the forth coefficient of the renormalization group β-function in the V-scheme is obtained in the case of the SU (N c ) gauge group. In the process of calculations we use the three-loop perturbative approximation for the QCD static potential, evaluated in the MS-scheme. The importance of getting more detailed expressions for the n f -independent threeloop contribution to the static potential,obtained at present by two groups, is emphasised. The comparison of the numerical structure of the four-loop approximations for the RG β-function of QCD in the gauge-independent V-and MS-schemes and in the minimal MOM scheme in the Landau gauge are presented. Considering the limit of QED with N -types of leptons we discover that the β V -function is starting to differ from the Gell-Mann-Low function Ψ(α MOM ) at the level of the forth-order perturbative corrections, receiving the proportional to N 2 additional term. Taking this feature into account, we propose to consider the β V -function as the most theoretically substantiated analog of the Gell-Man-Low function in QCD.
I. INTRODUCTION
One of the main quantities, which enter in the renormalization group (RG) method, developed in the classical works of Refs. [1] , [2] , [3] , is the RG β-function. It defines the energy behaviour of the renormalized coupling constants of the renormalized quantum field models. In the case of applying gauge-invariant ultraviolet (UV) subtractions schemes, the RG β-function, which is computed by the perturbation theory (PT) method, depends on the definition of these schemes starting from the third term.
In QED the first two scheme-independent coefficients of the β-function were obtained in Ref. [3] from the performed in Ref. [4] analytical calculations of the two-loop approximation for the renormalized photon propagator.
In the momentum (MOM) scheme with the subtractions of the UV divergences of the photon vacuum polarization function in QED at the non-zero Euclidean point λ 2 the RG β-function coincides with the Gell-Man-Low function Ψ(α MOM ), where α MOM is the QED invariant charge. It is uniquely defined by the combinations of the Green functions [5] . The analytical expression for Ψ(α MOM ) depends on the number of leptons N.
For N=1, i.e. in the case of consideration of the electron only, the three-loop term of Ψ-function was calculated analytically in Ref. [8] . This result was generalized to the case of the arbitrary number of N massless leptons in Ref. [9] . In this more general form the fourand five-loop corrections to the Gell-Man-Low function were analytically calculated in Ref. [10] and Ref. [11] correspondingly. At N=1 the more general result of Ref. [11] coincides with the similar analytical expression, obtained in Ref. [12] . This feature can be considered as the strong argument in a favour of consistency of the complicated analytical five-loop calculations, performed in Ref. [11] .
Another important scheme, which is used in QED, is the on-shell (OS) scheme. In this scheme the photon vacuum polarization function is defined by subtracting UV divergences at zero transferred momentum, while the renormalized on-shell masses of leptons are identified with their experimentally measured values. In QED coupling constant of this scheme α OS is also called the QED fine coupling constant.
In the physical OS scheme the calculations of the β(α OS ) were done at the three-loop level in Ref. [13] and at the four-loop level in Ref. [14] . In the case of arbitrary N the five-loop contributions were evaluated in Ref. [15] . For N=1 it agrees with the analytical result for the same coefficient, extracted in Ref. [12] from the RG-relations between several analytical results, previously existing in the literature. The agreement with the results of direct calculations of Ref. [15] gives extra confidence in the correctness and self-consistency of the used in Ref. [12] results of the complicated computer calculations.
The third class of schemes which we will be interested in, is introduced when the dimensional regularization [16] is used. These schemes include the minimal subtractions (MS) scheme [17] and its modified variants, namely the MS-scheme [18] and the G-scheme [19] . It is possible to prove that in all these modifications of the MS-scheme the RG β-function is the same.
At N=1 the three-loop correction to the β(α MS ) was evaluated Ref. [19] and Ref. [20] independently (this result had been also presented in the review of Ref. [21] ). In the case of the arbitrary N the three-loop contribution to β(α MS )-function was analytically obtained in Ref. [9] . The computation of the four-loop term was completed in Ref. [10] . The five-loop correction to the QED β-function in the MS-like schemes was calculated in Ref. [11] . At N=1 this expression coincides with the result of non-direct analysis, performed in Ref. [12] .
It is known that in QCD the MS-like schemes maintain the explicit gauge-independence of various RG quantities. This property clarifies why in multiloop QCD calculations the MS-like schemes are used more often. In QCD the first coefficient of the β-function was computed in Refs. [22] , [23] , [24] and for the number of quarks flavours n f ≤ 6 turned out to be negative. This feature revealed the existence of the asymptotic-freedom property in the gauge theory of strong interactions. The two-loop corrections to the QCD β-function in the MS-like schemes were analytically evaluated in Refs. [25] , [26] , [27] and are also negative a .
In the MS-like schemes the three-loop QCD β-function was analytically calculated in Ref. [29] . This result was confirmed later in Ref. [30] . The four-loop term of the QCD β-function in the MS-like schemes was calculated in Ref. [31] and confirmed independently in Ref. [32] . For n f = 6 the three-loop correction to the β-function in the MS-like schemes is positive (see results presented below). However, using the special method of resummation of the PT series the authors of Ref. [33] demonstrated, that this feature does not affect the property of asymptotic freedom in QCD.
In our work we will get the expression of the QCD β-function at the four-loop level in another gauge-independent scheme, namely in the V-scheme. This scheme is determined by perturbative high order QCD corrections to the static potential. As it will be shown in this work the extra interest to the expression of the QCD β-function in the V-scheme is supported by the fact that it can be considered as the real gauge-independent analog of the Gell-Man-Low function in QCD. This feature becomes more clear after presented in Sec.VI study of the four-loop QED approximation of the β V -function. In Sec. IV the comparison between the four-loop approximation of the QCD β-function in the V-scheme, in the MS-like schemes and in the the widely used at present gauge-dependent minimal-MOM subtractions scheme is presented. The specific features of the structure of the PT series for the β V -function in QCD and QED are outlined.
II. PRELIMINARIES: THE HIGH-ORDER EXPRESSION OF THE STATIC POTENTIAL IN QCD IN THE MS-SCHEME
To define the four-loop approximation of the QCD β-function in the V-scheme at the beginning we will summarise the current knowledge about various perturbative QCD contributions to the static potential. This physical quantity enters various QCD applications, e.g. theoretical determinations of charm-, bottom and and top-quark masses, the studies a The first calculation of the two-loop contribution to the QCD β-function [28] contained the bug, which resulted in the positive value of two-loop term. It was associated with the realisation of the IR-fixed point of the QCD β-function. This unexpected conclusion stimulated the independent correct calculation of this term [25] - [27] , which demonstrated that the theoretical conclusion of Ref. [28] is not correct.
of the properties of bound states of the c and b-quarks [34] , [35] , [36] and references therein), etc.
The static potential in QCD is introduced as a potential of interaction between static quark and anti-quark at a distance r. It is defined by the following Fourier representation
2 , g is the renormalized strong coupling constant of the QCD Lagrangian, T a is the generator of the SU(N c )-group, normalized as T a = λ a /2 and C F is the Casimir operator, defined as (T a T a ) ij = C F δ ij . In the V-scheme its coupling constant α s,V ( q 2 /µ 2 V ) is related to the numerator of the momentum representation of the static potential in the MS-scheme, defined in Eq.(2.1) by the following perturbative expression
The r.h.s. of Eq.(2.2) is expressed through higher order PT QCD corrections to the static potential P MS n (L) in the MS-scheme which are known at present up to O(α 3 s )-level and will be presented below.
The evolution of the MS-scheme coupling constant α s (µ 2 ) (which depends on the MSscheme renormalization parameter µ 2 ) is governed by the QCD MS-scheme β-function. It is defined as
where the analytical expressions of the known four coefficients in MS-scheme are taken from the work of Ref. [31] and have the following form
The characteristic colour structures of the group SU(N c ) are defined as in the detailed work of Ref. [37] . In the notations of Ref. [37] we have [
are antisymmetric (under permutations of any pair of indices) structure constants, which satisfy the well-known relation
A is the number of generators of the Lie algebra of the SU(N c ), n f is the number of quarks flavors,
is the total symmetric tensor, the notations (...) are defining the procedure of symmetrisation of the generators 
The explicit expressions for the proportional to the n-th powers of
The coefficients before powers of L satisfy the RG-equation in the MS-like schemes at the three-loop level and were checked in the process of this work.
The coefficients a MS i are calculated from the concrete Feynman diagrams. The first one, a MS 1 , was calculated long time ago in Refs. [38] , [39] and has the following form
The coefficient a
MS 2
was found in the works [40] , [41] . The bug in the obtained Refs. [40] , [41] pure Yang-Mills contribution to a MS 2 was detected in Ref. [42] b .
The final result of these analytical calculations of Refs. [40] , [42] is
The three-loop MS-scheme perturbative contribution to the static potential can be presented as a
The n f -dependent terms were computed in Ref. [43] and have the following form:
where the error of numerical calculation of C 2 A T F -coefficient in Eq.(2.16) is not indicated. It is worth to emphasize that in the QED limit with C A = 0, the analytical expressions of the terms, which are proportional to the powers of n f and T F =1 in Eqs.(2.11),(2.12) and in Eqs.(2.14)-(2.16), are in agreement with the presented in the work [44] analytical MS-scheme results for the constant terms of the three-loop approximation of the photon vacuum polarization function in QED. They were also confirmed in Ref. [15] in the process of computation of the four-loop approximation of this quantity. The agreement with the QED results of Refs. [44] gives extra confidence in the validity of the related analytical expressions of Ref. [43] .
The numerical expressions of the n f -independent contributions to Eq.(2.13) were obtained in Ref. [45] and read
These results agree with the results of the independent calculation of Ref.
[46]
The corrected result was confirmed later by the author in Ref. [40] which, however, have greater inaccuracies. Moreover, it is not clear, whether the second coefficient in Eq.(2.18) should read as -136.3 (14) or -136.30 (14) . In view of this it will be highly desirable to perform more detailed comparison between the results of Eq.(2.17) and Eq.(2.18). It will be even more interesting to get the analytical expressions for the numerically calculated coefficients of a
3 and a
3 . The three-loop n f -independent correction to the static potential contain also the RG-
. It is associated with the infrared (IR) divergences, which begin to manifest themselves in the the static potential at the three-loop level [48] , [49] . In the concrete physical analysis these IR-divergent L-terms are cancelled by the concrete UV-divergent contributions in the effective theory of heavy quarkonium -non-relativistic QCD (see e.g. [49] ).
The main aim of this work is to find the four-loop approximation of the RG β-function in the V-scheme. This can be done by application of the RG-motivated effective charges (ECH) approach, developed in all orders of PT in the works of Refs. [50] , [51] and independently at the next-to-leading order in Ref. [52] (see the work of Ref. [53] , [54] as well). The four-loop approximation of the β-function in the V-scheme defines the evolution of α s,V in the region of intermediate and UV values of energy scales. It does not depend on the manifestation of IR physical effects, and the RG-uncontrollable L-dependent corrections to the static potential. In view of this we will not consider them in our further analysis.
III. GENERAL RELATIONS BETWEEN COEFFICIENTS OF β-FUNCTIONS IN THE GAUGE-INVARIANT SCHEMES AT THE FOUR-LOOP LEVEL
Let us start this Section from writing the RG-equation for the static potential in the MS-scheme, which is defined in Eq.(2.1). In the massless limit, which is considered in this work, it has the following form
The study of the scheme-dependence properties of the the QCD PT series and of the QCD β-function in particular is the more delicate issue than the study of the discussed in the the Introduction problem of the scheme-dependence of the QED β-functions.
Indeed, on the contrary to the QED case, in QCD it is impossible to define the gaugeinvariant analog of the MOM-scheme (see e.g. [55] , [56] , [57] ) and thus to construct the QCD invariant charge by the unique gauge-invariant manner. In QCD the number of invariant-type charges of MOM schemes is proportional to four, namely to the number of vertexes of the QCD Lagrangian in the covariant gauges (i.e. gluon-quark-antiquark, gluon-ghost-ghost, three-gluon and four-gluon vertexes). Moreover, the definitions of these QCD invariant-type charges depend on different kinematic conditions for fixing the scales of subtractions of UV divergences in the renormalized Green functions, which enter these different QCD invariant-type charges. Indeed, fixing the kinematics conditions by the different way it is possible to construct, for example, the symmetric MOM scheme [55] , the variant of symmetric MOM scheme with one external zero momentum [56] and the asymmetric MOM (AMOM) scheme [57] . Different gauge-dependent MOM schemes were used in the direct calculations of the massless two-loop [58] , [59] , [60] , [61] , [62] , [63] , [64] three-loop [61] , [62] , [63] , [64] and even four-loop corrections [62] , [64] , [65] to the QCD β-function. These analytical calculations revealed the importance of the careful study of the dependence on gauge parameter c . The classical example of the validity of this statement is the discovery, that in the AMOM the non-proper choice of the gauge in the two-loop PT correction to the QCD β-function can destroy the asymptotic freedom property of perturbative QCD [59] , [60] .
Summarising the discussions of the gauge ambiguities in the QCD analogs of the invariant charges of various MOM-schemes, we stress that in these schemes it is impossible to construct gauge-invariant QCD analog of the Gell-Man-Low function. In view of this it is of interest to study the expansions of the β-function in terms of physical coupling constant, which enter the effective LO approximations of the QCD static potential V [66] .
In all these studies the ECH of Refs. [50] , [51] was used. To remind the basis of this approach consider first the system of Eq.(2.1) and Eq.(2.2), which defines the expansion of the QCD coupling constant in the V-scheme through the QCD coupling constant in the MS-scheme.
At the first step, following the NLO definition of the ECH scheme, of Ref. [52] we define the effective scale of the V-scheme as T F n f and β 0 is the first coefficient of the QCD β function in the MS-like schemes, which is defined in Eq.(2.3). At the next step we fix q 2 = µ 2 V in Eq.(2.2) and get the following relation between the QCD effective charge of the V-scheme and the QCD coupling constant α s,MS :
Now it is possible to define the ECH β-function of static potential, which corresponds to the RG β-function in the V-scheme:
3)
The standard RG-equation relates β V -function to the β-function in the MS-like schemes:
c It is worth emphasise that in the Landau gauge the two-loop expressions to the QCD β-function in the number of MOM-schemes coincide with the MS-scheme results.
Consider now the similar to Eq.(3.4) equation between the β-functions, computed in the gauge-invariant UV subtractions schemes:
where we use the similar normalization conditions for bothβ(α) and β(α)-functions. Wherein, the included in Eq.(3.5) β-functions satisfy the standard RG-equation
For these normalization conditions the coupling constant of one gauge-invariant renormalization schemeα s (µ) is related to the coupling constant α s (µ) of another gauge invariant renormalization scheme in such way that they coincide at zero order:
Taking into account Eq.(3.5), the definitions forβ(α s ) in Eq.(3.6) and the relation of Eq.(3.7), it is possible to get the following links between the coefficients of β-functions in two gauge-invariant schemes:
Thus, these formulae reflect the transformation law of β-function from one gauge-invariant renormalization scheme to another.
IV. THE FOUR-LOOP RESULTS FOR THE QCD β-FUNCTION IN THE V-SCHEME AND THEIR NUMERICAL EXPRESSIONS
Let us now define the four-loop approximation for the coefficients of the QCD β V (α s,V )-function, related to the QCD β MS -function through Eq.(3.4). The expressions for its coefficients, which are gauge-independent and scheme-independent, can be obtained from Eqs.(3.8)-(3.11) and read will be the same (see e.g. [67] ) and will be related with the massless gauge-independent scheme-invariants, introduced in the work of Ref. [68] .
Using now the concrete expressions for the terms in Eq.(4.3) and Eq.(4.4), which are summarized in the case of the MS-scheme in Sec.II, we arrive to the following expressions for β 
The analytical result for Eq.(4.5) was originally obtained in Ref. [42] and agrees with the similar one of Ref. [40] , with the corrected later on C 
V. THE NUMERICAL FORTH-ORDER APPROXIMATIONS OF THE QCD β-FUNCTION IN THE V AND MS-SCHEMES VS MINIMAL MOM SCHEME
In the last few years the interest to study of perturbative approximations of the QCD β-function in gauge-independent and gauge-dependent schemes increased due to theoretical investigations whether it is possible that the IR fixed points are manifesting themselves in the β-functions of the concrete non-abelian groups with fermions (see e.g. [69] , [70] , [71] ).
Other, more phenomenologically oriented applications of different MOM-schemes are related to careful analysis of the minimization of gauge-dependence of the four-loop approximation of the the e + e − -annihilation R-ratio in the different MOM-schemes [72] . These studies are based on transformation to the MOM-schemes of the results for the fourloop approximation of R-ratio, which are known from analytical evaluations, performed in Refs. [75] , [76] within the MS-scheme. In the process of MOM-schemes analysis of Ref.
[72] the effects of three-loop MS-scheme QCD corrections to R-ratio, completely evaluated in Ref. [73] , were also taken into account.
Note, that the first study of the gauge-dependence of three-loop corrections to Rratio was made within AMOM-scheme in Ref. [77] . However, this work was based on the analysis of the the gauge-dependence of the AMOM version of the erroneous O(α In view of this it may be interesting to clarify the status of the gauge dependence of the four-loop approximation of R-ratio in the AMOM-scheme using the evaluated in Ref. [73] three-loop MS-scheme QCD corrections and the obtained recently in Refs. [75] , [76] O(α In this section we will limit ourselves by the comparison of the numerical expressions of the third and fourth coefficients of the QCD β-function in the V-scheme (see Eqs.(4.8), (4.9) ) with the similar results, obtained in the MS-scheme and introduced in Ref. [64] minimal-MOM (mMOM) scheme, which was recently used in theoretical studies of Refs. [65] [69], [71] and in the phenomenological considerations of Ref. [72] .
Let us briefly remind how the mMOM-scheme is defined. Using the standard notations for the renormalization constants of QCD in an arbitrary linear covariant gauge namely
where ψ, A a µ , c a are the quarks, gluons and ghosts fields correspondingly, g is the constant of the strong interaction, λ is the gauge parameter, which is included in the Lagrangian QCD as (∂ µ A a µ ) 2 /2λ. Therefore, the non-renormalized gluon propagator in momentum space will be written
The form of the QCD Lagrangian dictates how to relate the different renormalization constants. For example, renormalization constant of the gluon-ghost-ghost vertex has the following form
The definition of mMOM-scheme is based on the consideration of this relation [64] . Taking into account Eq.(5.3) one can write down the expression for the QCD coupling constant of the mMOM-scheme α
Following the proposals of Ref. [64] the renormalization expressions for the gluon and ghost propagators are defined by using the requirements that at p 2 = µ 2 their residues are equal to unity, namely
Then the renormalized expression for the gluon propagator, defined in the Landau gauge λ=0, will take the following form
and for ghost propagator:
The most important additional requirements of the mMOM scheme [64] , [65] are the special definitions of the renormalization constant of the gluon-ghost-ghost vertex and of the renormalization constant of the gauge parameter, namely
Taking into account the definition of the QCD coupling constant in the MS-scheme through the same vertex
and Eq.(5.3), Eq.(5.9) one can get the useful relations between the renormalization constants of the mMOM and MS-schemes 11) and the relation between the renormalized QCD coupling constants of these scheme
All the above mentioned formulas are valid for any linear covariant gauge and in particular for the Landau gauge. In this work we will use the Landau gauge λ=0. Its choice is primarily due to the simplification of the final results we will be interested in. Moreover, the choice of this gauge in Ref. [64] is supported by simplification of the definite latticebased studies (see e.g. [79] )
In the mMOM scheme the analytical expressions for the three-loop and four-loop coefficients of the QCD β-function in the general covariant gauge were obtained in Ref. [64] applying the results of analytical MOM-schemes calculations, performed some time ago in Ref. [61] . The results of Ref. [64] were recently confirmed in Ref. [65] by direct symbolical three-and four-loop computations. In the Landau gauge it has the following numerical form It is interesting to compare these results with the numerical expressions of the gaugeinvariant coefficients β 9) ) of the QCD β-function in the V-scheme, which pretend to the role of the QCD analog of the Gell-Man-Low Ψ-function, and with the numerical values of the similar coefficients in the QCD β-function in the gauge-invariant MS-scheme. These numerical expressions can be obtained from the results of analytical calculations of Refs. [29] and Ref. [31] , which were presented above in Eq.(2.6) and Eq. In order to clarify the relations between the numerical values of the third and forth coefficients for the QCD β-function in three considered schemes we present in Table below their numerical values for the concrete numbers of quarks flavours 1 ≤ n f ≤ 6.
The numerical coefficients of the QCD β-function in different schemes n f β We conclude that in spite of the fact that for all n f the absolute values of β MS 2 -scheme are smaller than the ones, calculated in the V-scheme and mMOM-scheme in the Landau gauge, while β V 3 -results are smaller than the ones, computed in the Landau-gauge version of the mMOM-scheme, but they are larger than the similar numbers, obtained in the gauge-independent MS-scheme. This feature demonstrates that the asymptotic structure of the PT series for the effective β-function in the V-scheme has non-regular behaviour and differs from the asymptotic PT for the β-function in the MS-scheme, which was obtained in Ref. [80] using the approach, developed in Ref. [81] . Note, however, that as it will be shown below the β V -function can be considered as the real QCD analog of the Gell-Mann-Low function.
VI. THE FOUR-LOOP QED RESULT IN THE V-SCHEME
Replacing the SU(N c ) group weights in Eqs. where a V = α V /4π, and N is the number of leptons.
In the numerical form the scheme-dependent coefficients of β The numerical expressions for the analogous coefficients of the Gell-Man-Low Ψ-function (or the QED β-function in MOM-scheme), which we obtain from the same work of Ref. [10] , are In this work we consider the definition of the gauge-independent RG QCD β-function in the V-scheme. Using higher-order corrections to the static potential of the quark-antiquark interaction and β-function in MS-scheme, we compute the forth term of the PT expression for the β-function in V-scheme of SU(N c ) group analog of QCD. The comparison of the numerical expressions of the scheme-dependent coefficients of the β V -function of QCD with the similar coefficients of the QCD β-function in the MS and mMOM-scheme in the Landau gauge are presented. The indication that the structure of the PT series for the effective β-function in the V-scheme has non-regular asymptotic behaviour and differs from the asymptotic PT for the β-function in the MS-scheme are presented.
Considering the QED limit of the SU(N c )-group β V -function we observe that its perturbative expression is starting to differ from the perturbative expression for the GellMann-Low Ψ-function at the O(α 5 V )-level only. In view of this we propose to consider the β V -function as the most theoretically substantiated analog of the Gell-Man-Low function in QCD.
